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Recall Q : How do w e solve a bes t - f i t

polynomial q u e s t i o n , w r i t t e n
a s

A-5=5 w i t h 5 n o t i n Ranta),

i f ATA i s n o t invertible?

S i n c e t h e process o f
s o l u t i o n

i s t o replace 5 w i t h i t s

orthogonal projection on to RanfA)

and s o l v e t h a t equation,
we'd

b e o k i f w e could (figure

Go a l → o u t a fo rmu la f o r t h e

orthogonal projection.)



Example: ( a l i n e i n I R ' ) Any

l i n e t h r o u g h t h e o r ig in i n
112"

i s the span o f a v e c t o r v e t o .

L e t 0 = 1 T . I

115112

c l a i m t h a t the orthogonal

projection o n t o sport'v) i s

p =0#



F i rs t , observe t h a t ( i t i s a co lumn vector)

i i i . (Fixations)

=,,¥,,, i t - I
110112

=/,
¥22 ✓ t . i r

=,,¥; 1*22

= 1 .

✓ i s a ve c to r o f Euclidean length 1,

cal led a u n i t v e c t o r .



T h e n w e c h e c k t h a t P-O E t i s

a n orthogonal projection:

p ?@ i t ) ( o j t )

= J ( E to ) i t
I T

= 0 . i t = p ✓

P t s ( E . i t)t= @e)toot

=
O f t

= p ✓



Moreover, i f I E I R ",

PE = J o t . I
thalar

=@tix)-J
=@t.x)-Eu.

t .ci#. . i i
= a mu l t i p l e o f 77

s o Ran ( P ) : span ( f ) = a l i n e .



Exampled: ( a plane i n 1123)

( e t w be the plane through

t h e o r i g i n i n
1123 determined by

W:{(Iz) I 2×-39+2=03.

Find a n orthogonal projection o n t o W .

W e need 2 v e c t o r s t h a t a r e

n o t mult ip les o f eachother
t o

get a l l o f W .

N o t e i f [ I f ] E W , t h e n

2×-391-7=0, s o

-2=39-2x



Replacing Z , vec to r s i n W

l o o h l i n e

[ ' f - E . Its:]3g-2x

=x[ 'g)t ' f;]

Let v i . f's], is-(I),
i i . In, its-II.i s .

Q : Does 10=0,01+02 bit work?



Chech whether p = Pt and p ep ?

Pt = ((quit)t (vs ist))
t

= (0, I t ) t + ( jaunt

= (u,tY I t t (ojt)test

= qui t t u , Ost

= P ✓



p? p, p

= (UT 0 it t 0 , oat)

• (O,O'i t 02 I t )

= vivitt iv i t) t Cui cityujist)

t w i s t y vivit) t w i s t )
light)

= 5 (Effi) I t t y (c i ty )
vat

of ios
a r e

Teitctors ✓ (vatu)I ,t t o , lust is just

= ¥ t u u j
I T

+ v i c u i t y ) ist
+ i s lost a ) o,

t



s o P'=oiuFtu2#P
+ v icu i ty ) ' t
+ 8 . lost a ) o f

p2= ptuduitujli
+ vicinity suit
should be z e r o for

P t o b e a n
orthogonal

projection.

B u t y o u c a n c h e c k t h a t t h i s
isn't zero!

O u r problems would disappear i f w e knew

0,40€.



v i . f. 'g], r i--I ;)

k r i l l , - - F i = F E E T
liv i l l a = 55

11021122
= F E = [0133/0]

11%11, = T o = 255

Ca l c u l a t e

o i l i t y ) o j t :



UT (vitus) ↳
t

ie..li#...Ii...HiE.."

= ¥,;¥,:(Tl vitr i) ist)

= Fo c r i cr i t is) Vat)

w i t v, = a o -2 ] ( I )
with = - 6



s o g e t 0, ) ojt

=-¥ visit

= ¥0 (g) [ I
o - 2 ]

I o
- 2=-÷ c : : : '

I O - 2= . : c : : : I



T h e n Uj@jt.u,) q t

= libitujiat)t
= -Is [ } of:{It
= I s [80123%].

Adding t h e two,

vicuit.-oatt ujcujt.net

= # ((98-5)t f : $3 O - 6



= -¥ ((°
I 3

'3¥11
O O O

F [O O O]
O O O



Orthogonality

A co l l ec t ion o f vec to r s S i n
112",

thought o f a s c o l umn s , i s s a i d t o

b e orthogonal i f Tt.w=Oµ
fo r a l l i t , T E S ( F t w ) .



Exam-ple3: (1122 orthogonality) I n 1122,

i f I : [ § ] i s a c o l u m n vector,

le t D = [ I ] . T h e n

✓ i s a l w a y s orthogonal t o i t

s i nce

✓ t . w s : [ x y I ff]
✓ t . c i = - y x t x y

i t . I = x y - K y

F tw t o ✓



I f [ I ] F [ 8 ] , then

[- I ] i s a v e c t o r o n the

l ine perpendicular t o span{(t)).

I n 1122, orthogonality = perpendicularity.

Picture:

M¥4'



Orthogonal (Orthon o rma l Bases

A s u b s e t B o f n o n z e r o vectors

i n
112" i s a n orthogonal basis

fo r a subspace W o f
112" i f

1 )B I T
2 ) s p a n ( B ) : W

3 ) B i s orthogonal.

I f ,
i n addi t ion , e v e r y v e c t o r i n B

i s a n e t v e c t o r , w e s a y B i s

a n O r t h o n o r m a l b a s i s .



Bach t o Example 2 :

Jef's], is-[§) a r e

vec to r s i n W , b u t n o t orthogonal,

s ince

Fat'T, = [ o i 3 ) [§] = - 6

t o

Replace VT an d Tg w i t h O r t h onormal

v e c t o r s ,
a s fo l l ows :

l e t 6 , = VI .



l e t i i i . is-finger.

Here, 115,11ft. I , t r i

= ( I o - 2 T [&]
= 5

so wi-[§]- 1¥ [ I ]

4%14%5,1

--iii. I



Observe t h a t

Tj. hi, = [451315%1]

= 6/5 - 6/5=0 ✓

hi, Espana,To3) = W , s o

s e t

i i i .
"Eau,

= It,'
i i . EE."..

T h e n #p=0iuuUa is

t h e orthogonal projection o n t o w !



Orthogonal Projections f r o m

O r t h o n o r m a l
B a s e s

I f W E
112" i s a subspace

a n d WHO} ,
t a ne a n

Orthonormal b a s i s D = {0482,--i, in}

o f W , w h e r e B i s w r i t t e n a s

c o l umn v e c t o r s . T h e n

p=£EiEµ
[ = L

i s t h e orthogonal projection

on to W .



Choosing W = R a n( A ) so l ve s o u r

best- f i t polynomial i s s u e i f ATA

i s n o t inver t ib le , b u t . . .

Q : How t o get a n O r t h o n o r m a l basis?

A s L a t e r . . .


